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1. By applying Black’s law to the velocity control loop, we can see that

θ̇

θ̇in
=

−2Gc
θ̇
Vm

1 + 2GcKtach
θ̇
Vm

but since we know that

θ̇

Vm
=

KT

Js(Rm + sLm) +KTKe

we can say that

θ̇

θ̇in
=

−2GcKT
Js(Rm+sLm)+KTKe

1 + 2KtachGcKT
Js(Rm+sLm)+KTKe

=
−2GcKT

Js(Rm + sLm) +KTKe + 2KtachKTGc

Assuming that Lm is small enough to ignore (i.e., the motor dynamics are dominated
by the mechanical time constant rather than the electrical time constant), we can say
that

θ̇

θ̇in
=

−2GCKT

JRms+KTKe + 2KtachGcKT

=
( −2Gc

Ke + 2KtachGc

)
1

τs+ 1

where

τ =
Rm(Jm + Jf )

KTKe + 2KtachGcKT

In order to make Gc = 25 ms, we need to rearrange terms like so:

τKTKe + 2τKtachGcKT = (Jm + Jf )Rm

Gc =
Rm(Jm + Jf )− τKTKe

2τKTKtach

= 0.641
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2. Substituting experimental values, we can see that that

τ =
0.23

0.4 +Gc

This suggests that as the compensator gain increases, the open loop time constant will
decrease.

3. For a unit step input, the system error is given by

E(s) =
(−1

s

)
1

1 + 2KtachGc
θ̇
Vm

=
(−1

s

)
1

1 + 2KtachGcKT
(Jm+Jf )sRm+KTKe

The steady state error is then given by

lim
t→∞

e(t) = lim
s→0

sE(s) = lim
s→0

−1

1 + 2KtachGcKT
(Jm+Jf )sRm+KTKe

=
−Ke

Ke + 2KtachGc

The DC closed loop gain of the velocity control system is given by

lim
s→0

θ̇

θ̇in
=

−2GcKT

KTKe + 2KtachKTGc

4. For a unit step input with a proportional plus integral compensator, the system error
is given by

E(s) =
(−1

s

)
1

1 + 2KtachKTGc
(Jm+Jf )Rms+KTKe

τs+1
τs

E(s) =
(−1

s

)
((Jm + Jf )Rms+KTKe)τs

(Jm + Jf )Rmτs2 + (KTKe + 2KtachGcKT )τs+ 2KtachGcKT

The steady state error is then given by

lim
t→∞

e(t) = lim
s→0

sE(s) = 0

For a unit step input, the output is

θ̇(s) =
−2KTGc

(Jm + Jf )Rmτs2 + (KTKe + 2KtachGcKT )τs+ 2KtachGcKT

(
τ +

1

s

)

If we set Gc = τ = 1, we can approximate the step response with

θ̇(s) =
(

1

s

) −279(s+ 1)

(s+ 3.86)(s+ 0.73)
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This response will be dominated by the lower frequency pole at s = 0.73 so the response
will be approximately like the step response to a first order system.

5. For a proportional gain compensator in current drive, the closed loop transfer function
is

θ̇

θ̇in
=

−0.4Gc
θ̇
Im

1 + 0.4GcKtach
θ̇
Im

But since

θ̇

Im
=

KT

(Jm + Jf )s

we can say that

θ̇

θ̇in
=

(
−1

Ktach

)
τs+ 1

where

τ =
Jm + Jf

0.4GcKTKtach

Hence
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Gc =
Jm + Jf

0.4τKTKtach

This suggests that in order to make τ = 25 ms, we need to make Gc = 5.19.

6. The system error when driven with a unit step input is given by

E(s) =
(−1

s

)
1

1 + 0.4KtachGc
KT

(Jm+Jf )s

=
(−1

s

)
(Jm + Jf )s

(Jm + Jf )s+ 0.4GcKTKtach

The steady state error for a unit step input is then given by

lim
t→∞

e(t) = lim
s→0

sE(s) = 0

The closed loop DC gain is

lim
s→0

θ̇

θ̇in
=
−1

Ktach

For a unit step input, the system output will be

θ̇(s) =
(−1

s

) ( −1
Ktach

)
τs+ 1

where τ is defined as in problem 5.
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